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0RVKH 6KRKDP
'HSDUWPHQW RI 0HFKDQLFDO (QJLQHHULQJ
7HFKQLRQ � ,VUDHO ,QVWLWXWH RI 7HFKQRORJ\

7HFKQLRQ &LW\� +DLID ������ ,VUDHO
(PDLO� VKRKDP#W[�WHFKQLRQ�DF�LO

.H\ZRUGV� TXDWHUQLRQ� EL�TXDWHUQLRQ� GXDO QXPEHUV� URWDWLRQV DQG WUDQVODWLRQV�

�� ,QWURGXFWLRQ

,Q ����� &OLIIRUG LQWURGXFHG WKH GXDO QXPEHUV >&OLIIRUG ����@� 6LPLODUO\ WR +DPLOWRQ� ZKR
GHILQHG WKH TXDWHUQLRQ DV WKH UDWLR RI WZR YHFWRUV� &OLIIRUG VHDUFKHG IRU WKH UDWLR RI WZR PRWRUV
(tKHVH WHUPV DUH UHGHILQHG LQ 6HF� ��� +H DGKHUHG WR +DPLOWRQ
V SDWK HYHQ WKRXJK VRPH VWHSV RI KLV
GHULYDWLRQ� DV KH KLPVHOI SRLQWHG RXW� ZHUH QRW JHQHUDO EXW UHTXLUH D SDUWLFXODU JHRPHWU\�

+DPLOWRQ VHDUFKHG IRU WKH UDWLR RI WZR YHFWRUV� QDPHO\� D YHFWRU� Y� PXOWLSOLHG E\ D TXDWHUQLRQ�

T� UHVXOWV LQ DQRWKHU YHFWRU� Y
�

v' = q v (��

$V FDQ HDVLO\ EH VHHQ� WKLV HTXDWLRQ LV FRUUHFW RQO\ ZKHQ WKH YHFWRU LV SHUSHQGLFXODU WR WKH

TXDWHUQLRQ
V URWDWLRQ D[LV � Q� DQG ZKHQ WKH TXDWHUQLRQ LV SDUDPHWUL]HG E\ WKH IXOO �DQG QRW KDOI�

DQJOH RI URWDWLRQ� θ� L� H��

q = [cosθ , n sinθ] ���

$SSO\LQJ WKH UXOHV RI TXDWHUQLRQ PXOWLSOLFDWLRQ WR (T� ��)�

v' = [q0 , q] [0 , v] = [−q v, q0 v + q x v] ���

DQG NHHSLQJ LQ PLQG WKDW D YHFWRU LV GHQRWHG DFFRUGLQJ WR +DPLOWRQ DV D SXUH TXDWHUQLRQ �D

TXDWHUQLRQ ZLWK D VFDODU SDUW HTXDO WR ]HUR�� WKHQ Y
 UHVXOWV LQ D SXUH TXDWHUQLRQ RQO\ LI T LV

SHUSHQGLFXODU WR Y�

7KH VDPH URXWH ZDV WDNHQ E\ &OLIIRUG� +H ORRNHG IRU WKH UDWLR RI WZR PRWRUV� QDPHO\� WKH
RSHUDWLRQ WKDW FRQYHUWV RQH PRWRU LQWR WKH RWKHU� DQG KH XVHG +DPLOWRQ
V QRWDWLRQ RI WKH UDWLR RI
WZR YHFWRUV� (YHQ WKRXJK KH NQHZ WKDW XVLQJ WKH TXDWHUQLRQ DV D UDWLR RI WZR YHFWRUV LV FRUUHFW
RQO\ ZKHQ WKH TXDWHUQLRQ LV SHUSHQGLFXODU WR WKH YHFWRUV � ����LW LV YHU\ LPSRUWDQW WR UHPDUN WKDW VR
ORQJ DV $) PHDQV D YHFWRU QRW SHUSHQGLFXODU WR WKH D[LV RI T� WKH H[SUHVVLRQ T�$) KDV QR PHDQLQJ



DW DOO�� �SDJH ���� � QHYHUWKHOHVV KH FRQWLQXHG ZLWK WKLV GHULYDWLRQ DQG HYHQWXDOO\ �DQG IRUWXQDWHO\�
DUULYHG DW WKH GHILQLWLRQ RI WKH GXDO XQLW DQG EL�TXDWHUQLRQV�

7KH SXUSRVH RI WKLV SDSHU LV WR VKRZ WKDW E\ XVLQJ WKH IRUPXOD RI D JHQHUDO URWDWLRQ LW LV SRVVLEOH WR
JHQHUDOL]H &OLIIRUG
V GHULYDWLRQ IRU WUDQVIRUPDWLRQ RI PRWRUV E\ D JHQHUDO EL�TXDWHUQLRQ ZKLFK� DV
ZH NQRZ� LV SUH�PXOWLSOLFDWLRQ E\ D EL�TXDWHUQLRQ DQG SRVW�PXOWLSOLFDWLRQ E\ LWV LQYHUVH�

7KLV REYLRXVO\ KDV RQO\ KLVWRULFDO PHDQLQJV VLQFH E\ DSSO\LQJ WKH SULQFLSOH RI WUDQVIHUHQFH
[.RWHOQLNRY ����� 6WXG\ ����� 'LPHQWEHUJ ����� 0DUWLQH] DQG 'XII\ ����@ WR GXDOL]H UHDO
TXDWHUQLRQ RSHUDWLRQV� EL�TXDWHUQLRQV KDYH EHHQ XVHG LQ D FRUUHFW PDQQHU� IRU TXLWH D ORQJ WLPH� ,W
LV LQWHUHVWLQJ WR QRWH WKDW E\ WKH WLPH &OLIIRUG SXEOLVKHG KLV SDSHU ������� WKH SK\VLFDO PHDQLQJ RI
WKH TXDWHUQLRQ LQ FRQWH[W RI ILQLWH URWDWLRQ ZDV DOUHDG\ NQRZQ VRPH IRUW\ WKUHH \HDUV EHIRUH
[&D\OH\ ����� &KHQJ DQG *XSWD ����@ DQG FRXOG EH XVHG E\ &OLIIRUG WR JHQHUDOL]H KLV UHVXOW�

�� 5HVWDWHPHQW RI WKH SUREOHP DQG &OLIIRUG
V GHULYDWLRQ RI WKH GXDO QXPEHU XQLW

&OLIIRUG
V JRDO ZDV WR GHWHUPLQH WKH RSHUDWLRQ WKDW FRQYHUWV RQH PRWRU LQWR DQRWKHU ZKLFK KH
FRQFOXGHG WR EH D EL�TXDWHUQLRQ� 7R IROORZ KLV GHULYDWLRQ DQG WKH PRUH JHQHUDO RQH JLYHQ LQ
6HFWLRQ �� ZH UHZULWH� IRU FRQYHQLHQFH� VRPH RI KLV GHILQLWLRQV�

$ YHFWRU LV D TXDQWLW\ ZLWK PDJQLWXGH DQG GLUHFWLRQ �H�J� OLQHDU YHORFLW\ RU PRPHQW��
$ URWRU LV D TXDQWLW\ ZLWK PDJQLWXGH� GLUHFWLRQ� DQG SRVLWLRQ �H�J� URWDWLRQDO YHORFLW\ DERXW D

IL[HG D[LV RU IRUFH DORQJ OLQH RI DFWLRQ��
$ PRWRU LV WKH VXP RI WZR RU PRUH URWRUV� ZKLFK FDQ EH UHSUHVHQWHG DV D ZUHQFK RU WZLVW

DERXW D FHUWDLQ VFUHZ� )RU H[DPSOH� WKH VXP RI DUELWUDU\ V\VWHP RI IRUFHV LV� LQ JHQHUDO� QRW D IRUFH
EXW D FRPELQDWLRQ RI IRUFH DQG PRPHQW�

:H VWDUW E\ UHSHDWLQJ WKH EDVLF DUJXPHQWV LQ &OLIIRUG
V SDSHU�
$QDORJRXV WR +DPLOWRQ
V �WHQVRU�YHUVRU � RSHUDWLRQ� ZKLFK FRQYHUWV RQH YHFWRU LQWR WKH RWKHU�

&OLIIRUG GHILQHG WKH �WHQVRU�WZLVW� IRU QRQ�LQWHUVHFWLQJ URWRUV� 6LQFH D URWRU KDV D VSHFLILF GLUHFWLRQ
DQG SRVLWLRQ� D �WHQVRU�WZLVW� � D VFUHZ PRWLRQ DERXW WKH FRPPRQ SHUSHQGLFXODU DQG VWUHWFKLQJ �RU
FRPSUHVVLQJ� DORQJ WKH UHVXOWLQJ URWRU D[LV � LV WKH RSHUDWLRQ ZKLFK FRQYHUWV RQH URWRU LQWR WKH
RWKHU�

0DWKHPDWLFDOO\� WKLV LV JLYHQ E\�

T b = a ���

ZKHUH D DQG E DUH URWRUV DQG 7 LV WKH �WHQVRU�WZLVW� RSHUDWLRQ�
�7HQVRU � WZLVW� LV DOVR WKH RSHUDWLRQ ZKLFK UHODWHV WZR HTXDO�SLWFKHG PRWRUV �D PRWRU FDQ EH
FRQVLGHUHG DV D URWRU DVVRFLDWHG ZLWK D SLWFK��
6LQFH PRWRUV DUH WKH VXP RI WZR RU PRUH URWRUV� LW FDQ EH ZULWWHQ DV�

A = ma+ nb ���

ZKHUH P DQG Q DUH VFDODUV DQG D DQG E DUH URWRUV�
$VVXPLQJ WKDW WKH �WHQVRU�WZLVW� RSHUDWRU LQ D OLQHDU RQH� WKH IROORZLQJ HTXDWLRQ KROGV�

T (ma + nb ) = mc + nd ���

ZKHUH T a = c DQG T b = d �



7R DUULYH DW KLV JRDO� QDPHO\� WR ILQG WKH UDWLR RI WZR PRWRUV &OLIIRUG �GLYLGHG� D PRWRU % E\ D

PRWRU $�

/HW %
 EH D PRWRU ZLWK URWRU SDUW HTXDO WR PRWRU % DQG ZLWK WKH VDPH SLWFK DV PRWRU $� WKHQ�

B = B' +ββ ���

ZKHUH β LV D YHFWRU SDUDOOHO WR WKH D[LV RI % �DGGLQJ YHFWRU β WR %
 FKDQJHV LWV SLWFK DQG PDLQWDLQ

LWV GLUHFWLRQ DQG SRVLWLRQ��

'LYLGLQJ E\ $ ZKLOH NHHSLQJ LQ PLQG WKDW %
 DQG $ KDYH WKH VDPH SLWFK RQH REWDLQV�

B / A = T + ββ / A ���

2EVHUYLQJ WKH ULJKWPRVW WHUP� &OLIIRUG UHDOL]HG WKDW RQH QHHGV WR DSSO\ D VSHFLDO XQLW ZKLFK
ZKHQ DSSOLHG WR D PRWRU FRQYHUWV LW WR D YHFWRU SDUDOOHO DQG SURSRUWLRQDO WR LWV URWRU SDUW� 7KLV XQLW

LV NQRZQ DV WKH GXDO QXPEHU XQLW� ε� ZLWK WKH VSHFLDO SURSHUW\�

ε 2 = 0 � ���

UHIOHFWLQJ WKH IDFW WKDW ZKHQ LW LV DSSOLHG WZLFH WR D PRWRU� WKH UHVXOW LV ]HUR�

�� 7UDQVIRUPDWLRQ RI D PRWRU E\ D JHQHUDO EL�TXDWHUQLRQ

$W WKLV SRLQW� ZH GLYHUJH IURP &OLIIRUG
V GHULYDWLRQ VLQFH KH UHSODFHG β E\ T ε $ ZKHUH ε $ LV D

YHFWRU DQG T LV D TXDWHUQLRQ WKDW FKDQJHV ε $ LQWR β� $V PHQWLRQHG DERYH DQG DV &OLIIRUG KLPVHOI

QRWHG� T ε $ LV HTXDO WR β RQO\ ZKHQ T LV SHUSHQGLFXODU WR WKH SODQH WKURXJK  ε $ DQG β�

:H ZLOO QH[W HPSOR\ WKH H[SUHVVLRQ RI D JHQHUDO URWDWLRQ�

1�A −= qqε ����

:ULWLQJ D PRWRU LQ DQ HTXLYDOHQW ZD\ DV D URWRU WKURXJK WKH RULJLQ SOXV D YHFWRU� LW LV SRVVLEOH

WR URWDWH ERWK WKH URWRU DQG WKH YHFWRU E\ TXDWHUQLRQV� +HQFH� IRU WKH WZR PRWRUV� D� ε E� F� ε G�
ZKHUH D DQG F DUH URWRUV DQG  ε E DQG  ε G DUH YHFWRUV� WKHUH H[LVWV D TXDWHUQLRQ T ZKLFK VDWLVILHV�

c = q a q−1
����

1RWH WKDW D LV WUHDWHG KHUH DV D TXDWHUQLRQ FRPSRVHG RI D YHFWRU SDUW HTXDO WR D DQG D ]HUR VFDODU
SDUW� 7KHQ�

q(a+ ε b)q−1 = c+ qε bq−1
����

'HILQLQJ D QHZ YHFWRU �DV SXUH TXDWHUQLRQ� G � TET�� LW FDQ EH UHODWHG WKURXJK DQRWKHU TXDWHUQLRQ�

U� WR D �

r a r −1 = d− q b q−1
����

0XOWLSO\LQJ WKH DERYH HTXDWLRQ E\  ε DQG DGGLQJ LW WR HTXDWLRQ ����� WKH IROORZLQJ LV REWDLQHG�



q (a+ ε b) q
−1+ ε r a r

−1 = c+ ε d ����

ZKLFK FDQ EH FDVW LQWR

q (a+ ε b) q−1+ ε r (a+ ε b) r −1 = c+ ε d � ����

/HW
V DVVXPH� IRU D PRPHQW� WKDW WKH VHFRQG �GXDO� WHUP RQ WKH OHIW KDQG VLGH RI WKLV HTXDWLRQ
FDQ EH ZULWWHQ DV�

r (a+ ε b) r −1 = q (a+ ε b) p−1+ p (a+ ε b) q−1
����

ZKHUH S LV DQRWKHU TXDWHUQLRQ�
7KHQ (T� ���� EHFRPHV

(q+ ε p) (a+ ε b) (q+ ε p)-1 = c+ ε d ����

ZKLFK LV H[DFWO\ LQ WKH IRUP ZH VRXJKW VLQFH LW FDQ EH FRPSDFWO\ ZULWWHQ DV

ˆ q ˆ a ˆ q −1 = ˆ c ����

ZLWK A GHQRWHV D GXDO TXDQWLW\� DQG ˆ a = (a+ ε b) ; ˆ c = (c+ ε d )�
7KLV H[SUHVVLRQ LV D GXDOL]DWLRQ RI WKH NQRZQ IRUPXOD RI D JHQHUDO URWDWLRQ�
,W UHYHDOV ZKDW ZH KDG NQRZQ WR EH WKH FRUUHFW DQVZHU� WKH RSHUDWLRQ WKDW FRQYHUWV RQH PRWRU

LQWR WKH RWKHU LV D SUH�PXOWLSOLFDWLRQ E\ D EL�TXDWHUQLRQ �QRW QHFHVVDULO\ D SHUSHQGLFXODU RQH� DQG
SRVW�PXOWLSOLFDWLRQ E\ LWV LQYHUVH�

:KDW UHPDLQV WR SURYH LV WKDW WKH H[SUHVVLRQ r (a+ ε b) r −1
FDQ EH ZULWWHQ DV

q (a+ ε b) p−1+ p (a+ ε b) q−1
�(T�������

.HHSLQJ LQ PLQG WKDW D �GXDO� YHFWRU LV JLYHQ KHUH DV D SXUH TXDWHUQLRQ ZKLFK LV DFWXDOO\ D

ELQDU\ URWDWLRQ �D URWDWLRQ E\ ��� GHJUHHV�� WKHQ LI ˆ a = (a+ ε b) LV D ELQDU\ URWDWLRQ VR VKRXOG EH

DOVR WKH ULJKW KDQG VLGH RI (T� ����� ,I WKLV LV WKH FDVH� WKHQ REYLRXVO\ WKH HTXDWLRQ KROGV VLQFH DQ\

�GXDO� YHFWRU ˆ a FDQ EH FRQYHUWHG WR DQRWKHU �GXDO� YHFWRU E\ VRPH TXDWHUQLRQ U �WKH OHIW KDQG VLGH
RI (T�������

+HQFH� DOO WKDW LV QHHGHG LQ RUGHU WR FRPSOHWH WKH SURRI LV WR VKRZ WKDW WKH H[SUHVVLRQ RQ WKH
ULJKW KDQG VLGH RI (T����� LV D SXUH TXDWHUQLRQ�
([SDQGLQJ WKLV H[SUHVVLRQ DQG XVLQJ TXDWHUQLRQ PXOWLSOLFDWLRQ UXOHV� RQH REWDLQV�

qˆ v p−1+ pˆ v q−1 = [−p ˆ v q0 + (p0
ˆ v + px ˆ v )q , (p ˆ v )q + q0 (p0

ˆ v + px ˆ v ) + (p0
ˆ v + px ˆ v )x(−q)]+

[ −q ˆ v p0 + (q0
ˆ v + q x ˆ v ) p , (q ˆ v )p + p0(q0

ˆ v + qx ˆ v ) + (q0
ˆ v + q x ˆ v )x(−p)]

����

ZKHUH ˆ v LV WKH GXDO YHFWRU D� ε E� ˆ v LV LWV GXDO SXUH TXDWHUQLRQ� DQG
q = [q0 ,q] , ˆ v = [0,ˆ v ] , and p = [p0,p] �

$IWHU VRPH DOJHEUD� WKLV HTXDWLRQ LQGHHG UHVXOWV LQ D SXUH TXDWHUQLRQ �WKH H[DFW YDOXH RI WKH
YHFWRU SDUW LV� DFWXDOO\� LPPDWHULDO��



q ˆ v p−1+ p ˆ v q−1 =
[0 , 2((p ˆ v )q + (q ˆ v )p − (qp)ˆ v + q0 p0

ˆ v + q0(px ˆ v ) + p0 (q x ˆ v ))]
����

ZKLFK FRPSOHWHV WKH SURRI�

,W VKRXOG EH QRWHG WKDW WKH TXDWHUQLRQV XVHG LQ WKLV GHULYDWLRQ DUH QRW QHFHVVDULO\ XQLW
TXDWHUQLRQV� VLQFH WKH\ DUH XVHG WR FRQYHUW RQH YHFWRU �URWRU� LQWR WKH RWKHU� DQG KHQFH� WKH\ DUH
QHHG QRW EH PDJQLWXGH SUHVHUYLQJ HQWLWLHV�

�� &RQFOXVLRQV

7KH SDWK &OLIIRUG WRRN LQ KLV GHULYDWLRQ RI GXDO QXPEHUV� DQG WKHLU VXEVHTXHQW DSSOLFDWLRQ WR
EL�TXDWHUQLRQV� XVHG +DPLOWRQ
V QRWDWLRQ RI TXDWHUQLRQV� 6LQFH WKH DSSOLFDWLRQ RI +DPLOWRQ
V
QRWDWLRQ WR URWDWLRQ RI YHFWRUV LV FRUUHFW RQO\ IRU YHFWRUV DQG TXDWHUQLRQV WKDW DUH PXWXDOO\
SHUSHQGLFXODU� LW IROORZV WKDW &OLIIRUG
V SURRI KDV WKH VDPH OLPLWDWLRQ IRU WUDQVIRUPDWLRQ RI PRWRUV
E\ EL�TXDWHUQLRQV�

,Q WKLV SDSHU� &OLIIRUG
V SURRI LV H[WHQGHG WR WUDQVIRUPDWLRQ RI PRWRUV E\ D JHQHUDO
EL�TXDWHUQLRQ� 7KH QRWDWLRQ RI D JHQHUDO URWDWLRQ LV XVHG DQG LW LV VKRZQ WKDW WKH RSHUDWLRQ WKDW
UHODWHV WZR PRWRUV LV D SUH�PXOWLSOLFDWLRQ E\ D EL�TXDWHUQLRQ DQG SRVW�PXOWLSOLFDWLRQ E\ LWV LQYHUVH�
7KLV ZDV REWDLQHG E\ GHILQLQJ DQ\ PRWRU DV D URWRU DQG D YHFWRU WKURXJK WKH RULJLQ ZKLFK DOORZV
WKH DSSOLFDWLRQ RI D TXDWHUQLRQ DV D URWDWLQJ DQG VWUHWFKLQJ RSHUDWRU� ,W LV WKHQ VKRZQ WKDW SUH�DQG
SRVW�PXOWLSOLFDWLRQ RI D PRWRU �JLYHQ DV D SXUH GXDO TXDWHUQLRQ� E\ D GXDO TXDWHUQLRQ DQG LWV
LQYHUVH UHVSHFWLYHO\� WUDQVIRUPV D SXUH GXDO TXDWHUQLRQ LQWR DQRWKHU SXUH GXDO TXDWHUQLRQ IRU D
JHQHUDO DQJOH EHWZHHQ WKH PRWRU DQG WKH GXDO TXDWHUQLRQ�

,W VKRXOG EH QRWHG WKDW WKLV IRUPXODWLRQ KDV EHHQ ORQJ XVHG LQ LWV FRUUHFW IRUP WKURXJK WKH
DSSOLFDWLRQ RI WKH SULQFLSOH RI WUDQVIHUHQFH WR URWDWLRQDO RSHUDWLRQ� 7KLV SDSHU VKRZV WKDW WKH VDPH
UHVXOW FRXOG� KRZHYHU� EH REWDLQHG WKURXJK &OLIIRUG
V GHULYDWLRQ LI TXDWHUQLRQ ZHUH XVHG LQ WKHLU
URWDWLRQDO RSHUDWLRQ VHQVH� UDWKHU WKHQ DV D UDWLR RI WZR YHFWRUV�

5HIHUHQFHV�

$OWPDQQ� 6� /�� 5RWDWLRQV� 4XDWHUQLRQV� DQG 'RXEOH *URXSV� &ODUHQGRQ 3UHVV� 2[IRUG� �����

&KHQJ� +�� DQG *XSWD� .�&�� $Q +LVWRULFDO 1RWH RQ )LQLWH 5RWDWLRQ� $60( 7UDQV� -RXUQDO RI
$SSOLHG 0HFKDQLFV� 9RO� ��� ����� SS� ��������

&D\OH\ $�� 2Q FHUWDLQ UHVXOWV UHODWLQJ WR TXDWHUQLRQV� 3KLO� 0DJ� 9RO� ��� SS� �������� �����

&OLIIRUG� :� .�� 3UHOLPLQDU\ 6NHWFK RI %L�4XDWHUQLRQV� 3URFHHGLQJV RI /RQGRQ 0DWKHPDWLFDO
6RFLHW\� 9RO� �� ����� SS� ��������

'LPHQWEHUJ� )� 0�� 7KH 6FUHZ &DOFXOXV DQG LWV $SSOLFDWLRQ LQ 0HFKDQLFV �,]GDW �1DXND��
0RVFRZ� 8665� ����� (QJOLVK WUDQVODWLRQ� $'������ �&OHDULQJKRXVH IRU )HGHUDO DQG 6FLHQWLILF
7HFKQLFDO ,QIRUPDWLRQ��



+DPLOWRQ� :� 5�� (OHPHQWV RI 4XDWHUQLRQV� 9RO� , DQG ,,� �UG HGLWLRQ �HGLWHG E\ -ROO\� &� -���
&KHOVHD 3XEOLVKLQJ &R�� 1HZ <RUN� �����

.RWHOQLNRY� $� 3�� �UHIHUUHG WR E\ 'LPHQWEHUJ� ������ 6FUHZ &DOFXOXV DQG 6RPH $SSOLFDWLRQV WR
*HRPHWU\ DQG 0HFKDQLFV� $QQDOV RI WKH ,PSHULDO 8QLYHUVLW\ RI .D]DQ� �����

0DUWLQH]� -� 0� 5�� DQG 'XII\� -�� 7KH 3ULQFLSOH RI 7UDQVIHUHQFH� +LVWRU\� 6WDWHPHQW DQG 3URRI�
0HFKDQLVPV DQG 0DFKLQH 7KHRU\� 9RO� ��� 1R� �� ����� SS� ��������

5RGULJXHV� 2�� 'HV ORLV JHRPHWULTXHV TXL UHJLVVHQW OHV GHSODFHPHQWV G
XQ V\VWHPH VROLGH GDQV
O
HVSDFH� HW GH OD YDULDWLRQ GHV FRRUGRQQHHV SURYHQDQW GH FHV GHSODFHPHQWV FRQVLGHUHV
LQGHSHQGDPPHQW GHV FDXVHV TXL SHXYHQW OHV SURGXLUH� -RXUQDO 'H 0DWKHPDWLTXHV 3XUHV HW
$SSOLTXHHV� 9RO� �� �VW 6HULHV� ����� SS� ��������

6WXG\� (�� *HRPHWULH 'HU '\QDPHQ� 7HXEQHU� /HLS]LJ� �����


